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Reconstructing the formalism of quantum mechanics
in the “contextual objectivity” point of view.
Philippe Grangier
Laboratoire Charles Fabry, Institut d’Optique The´orique et Applique´e, F-91403 Orsay, France
In a previous preprint [1] we introduced a “contextual ob-
jectivity” formulation of quantum mechanics (QM). A central
feature of this approach is to define the quantum state in phys-
ical rather than in mathematical terms, in such a way that it
may be given an “objective reality”. Here we use some ideas
about the system dimensionality, taken from [2], to propose
a possible axiomatic approach to QM. In this approach the
structure of QM appears as a direct consequence of the non-
commutative character of the (classical geometrical) group of
“knobs transformations”, that relate between themselves the
different positions of the measurement apparatus.
I. INTRODUCTION
In a previous preprint [1], we introduced and discussed
a “physical” (as opposed to mathematical) definition of
a quantum state1, that reads in the following way :
The quantum state of a physical system is de-
fined by the values of a complete set of physical
quantities, which can be predicted with certainty
and measured repeatedly without perturbing in
any way the system (the set of quantities is complete
in the sense that the value of any other quantity which
satisfies the same criteria is a function of the set values).
As discussed in detail in ref. [1], and briefly recalled
below, this definition is in full agreement with the usual
formalism of QM (it was actually deduced from it). But
here we would like to address another question : is pos-
sible to deduce the usual formalism of QM from this
definition ? In order to address this question, we will dis-
cuss a procedure that was introduced by Lucien Hardy
in [2]. Then we will introduce an alternative approach,
that differs significantly from [2], since it is based upon
geometry rather than upon probabilities.
II. A FEW WORDS ABOUT CONTEXTUAL
OBJECTIVITY
The definition of the quantum state that is given above
is clearly in agreement with the usual formalism of QM,
as it can be seen when using the notion of “complete set
1Throughout this paper “state” means “pure state”. Mixed
states, when needed, will be called “statistical mixtures” [4].
of commuting observables” (CSCO) [4]. A quantum state
is specified by the ensemble of eigenvalues corresponding
to a CSCO, that can obviously be measured repeatedly
without perturbing in any way the system. Actually, as
said in the definition, any physical quantity that satisfies
the definition can be expressed as a function of the CSCO
ones [1]. This also appears in the sentence “measured re-
peatedly without perturbing in any way the system”: if
the subset is not a CSCO, a measurement will gener-
ally change the state. It should be clear also that uni-
tary evolution from Schroedinger’s equation transforms
a state which satisfies our definition into a similar state,
associated with a different set of physical quantities, cor-
responding to new well-defined measurements (that may
however be not easy to perform).
An obvious but fundamental point is that given a quan-
tum state, not all possible physical quantities can be pre-
dicted with certainty, but only a subset of them. That
the subset is the largest possible set of independant quan-
tities is just the definition of a CSCO. How to deal with
physical observables which do not commute with those
of the CSCO is a crucial point, that is discussed in de-
tail in [1]. It is also argued in [1] that within this frame-
work, there is no need to add a “measurement postulate”:
this postulate is already contained in the definition of the
quantum state, i.e. , the very possibility to define a quan-
tum state and the measurement postulate are essentially
identical. For more details about that, including how it
relates to the EPR “paradox” [3] or to the decoherence
approach, we refer the reader to [1].
It is worth pointing out that our definition implies that
some “objectivity” can be attached to the quantum state.
This is because the quantum state is associated with a
fully predictable course of events, that is independent
of the observer. Actually, our definition assumes that
the sentence “predicted with certainty and measured re-
peatedly” itself has a meaning, i.e. , that we are able to
make experiments that correspond to well-defined mea-
surements, and that give predictable outcomes. This is
why we call our point of view “contextual objectivity”:
the quantum state does have an objective existence, but
its definition is inferred from observations that are made
at the macroscopic level. We point out that there
is no need to refer to “observer’s consciousness” or any-
thing like that: what we need is simply the usual classical
world, as the place where the measurements are made,
and where results can be recorded by any (conscious or
unconscious) observer. How exactly the “quantum re-
ality” is related with the “macroscopic reality” will be
spelled out in the conclusion section of this paper.
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III. EXCLUSIVE AND NON-EXCLUSIVE
MODALITIES
We shall now forget about the QM formalism, and look
how far we can go by using only our definition of a quan-
tum state. What we have at hand is only pure states,
that yield predictions with unit probability for a given
set of measurements. This can be detailed further :
(i) for a given set of (orthogonal) measurements, the
different pure states corresponding to different results are
exclusive, and we will call the associated pure states “ex-
clusive modalities”. We may assume that the number of
exclusive modalities is a property of the system, that will
be called the dimension, N .
(ii) from our definition of a quantum state, there are
other sets of measurements that are not predicted with
certainty if the state of the system is one of the N exclu-
sive modalities. It is thus natural to consider all possible
pure states, that constitute “non-exclusive modalities”
(using the usual terminology for clarity, they are eigen-
vectors of other observables that do not commute with
the ones in the initial set, but the QM formalism is not
required at that stage).
The existence of non-exclusive modalities is a specific
quantum feature : in classical physics, it should be pos-
sible to “give more details” about the state (e.g. by in-
creasing the number of measurements), so that the “fully
defined” states are exclusive, but this is not possible in
QM. This is contained in our definition of the quantum
state, and corresponds physically both to the existence of
Heisenberg inequalities, and to the fact that a pure quan-
tum state cannot be “completed” [3]. This specifically
quantum difference between exclusive and non-exclusive
modalities will be very important in the following.
One may thus ask the question : is it possible to recon-
struct the QM formalism by appropriately combining ex-
clusive and non-exclusive modalities ? It should be clear
that if one restricts to exclusive modalities, one will ob-
tain something very close to classical probability theory
over a discrete set of N exclusive events, but there will
be no room for interference effects, and thus we will miss
QM. Lucien Hardy proposed in [2] an approach based on
using K probabilities defined on non-exclusive modali-
ties, in such a way that they define an arbitrary (pure
or mixed) quantum state. This approach is discussed in
some details in the Appendix, and as a conclusion of this
discussion we argue that the required axioms on K are
difficult to justify. In the following we will thus present
another approach, that does not require the axioms on
K (H2 and H4b, see Appendix). On the other hand,
we essentially keep H1 (statistical interpretation of prob-
abilities), H3 and H4a (definition and properties of N),
and H5 (continuity). As a central difference with Hardy’s
approach, we will consider this continuity axiom from a
geometrical point of view. This will lead us to the con-
clusion that QM is not only a probability theory, but has
also to deal with geometry as an essential ingredient.
IV. RECONSTRUCTING QUANTUM
MECHANICS
A. Restating the question
The question that we want to address is : since we
know that there are N exclusive modalities associated to
each given CSCO, how to connect between themselves all
the non-exclusive modalities corresponding to all possible
CSCO ? We should emphasize that the notion of Hilbert
space is not yet there : beyond the axioms themselves,
what we have is simply our definition of a quantum state,
as the values of a set of physical quantities, that can be
predicted with certainty and measured repeatedly.
By definition, changing the CSCO results from chang-
ing the measurement apparatus at the macroscopic level,
that is, “turning the knobs”. A typical example is chang-
ing the orientations of a Stern-Gerlach magnet. These
transformations have the mathematical structure of a
continuous group: the combination of several transforma-
tion is associative and gives a new transformation, there
is a neutral element (doing nothing), and each transfor-
mation has an inverse. Generally this group is not com-
mutative : for instance, the three-dimentional rotations
associated with the orientations of a Stern-Gerlach mag-
net do not commute. For a given position of the knob
settings (given CSCO), there is a given set of N exclu-
sive modalities, that we can denote {bi}. By turning the
knobs, one obtains N other exclusive modalities, that we
can denote {b′j}. The question is then how to relate the
{bi} and the {b′j}, that is, to define the transformation
that allows one to go from a set of states of the other
one. The reasoning presented below is not a demonstra-
tion, but a justification of a “reasonable” way to establish
this relation.
B. The probability formula
Since the {bi} and {b′j} are by definition non-exclusive
modalities, one has first to introduce the probabilities
of finding the particular state b′j (after “turning the
knobs”), when one starts in state bi (before “turning
the knobs”). Since there are N2 such probabilities, one
can arrange them in a matrix Π = (pi,j), corresponding
to all the probabilities connecting the two sets {bi} and
{b′j}. Due to normalization conditions, it is easy to check
that the number of independant numbers in Π is equal
to (N − 1)2 (these numbers have to fulfill appropriate
inequalities for consistency). In order to manipulate the
Π matrix, it is convenient to introduce the orthogonal
(N ×N) projectors Pi, with PiPj = Piδij . A useful op-
eration is then to extract the particular probability pi,j
from the matrix Π. It is easy to check that one may
write:
pi,j = Trace(Pi Σ Pj
tΣ) (1)
2
where Σ =
(√
pi,j
)
is the matrix formed by the square
roots of the probabilities, and t denotes the transpose op-
eration. Since we are looking for a state transformation,
and since the {Pi} define a set of orthogonal projectors
corresponding to the initial set of states, it is very tempt-
ing to consider that the relations P ′j = Σ Pj
tΣ define
the set of projectors corresponding to the transformed
set of states {b′j} . However, though the P ′j are indeed
projectors (because the diagonal terms of tΣ Σ are all
equal to 1), they are not orthogonal projectors (because
the off-diagonal terms of tΣ Σ are not zero). The solution
to that problem is obvious : the real-numbers matrix Σ
has to be replaced by the matrix Σ˜ =
(
eiφi,j
√
pi,j
)
, where
the phase factors eiφi,j are chosen so that Σ˜ is unitary
(the normalization conditions on the pi,j warrants that
this is possible; note that complex numbers are required :
Σ˜ cannot be simply an orthogonal matrix). The equation
for picking up a particular probability becomes:
pi,j = Trace(Pi Σ˜ Pj Σ˜
†) (2)
that is the expected formula. As a consequence, what
we actually need is a set of N × N unitary matrices,
each one being associated to an element of the group of
“knobs transformation”, that will be denoted as GK. For
general consistency of the approach, we may conclude
that this set of matrices gives a representation of the
group of knobs transformations; this is fully consistent
with the well known Wigner theorem [5]. We note that
we never used the definition of a state as a “ray in an
Hilbert space”. The state keeps its initial definition as
a set of measurement results, but what we get is a way
to connect between themselves the probabilities of the
“non-exclusive modalities” associated to all possible pure
states. This connection is simply made by eq. (2), where
the Σ˜ are unitary matrices that form a representation of
the group of “knob transformations” GK.
It is noticeable that if GK is commutative, then its
N × N representations are diagonal matrices with com-
plex numbers of modulus unity of the diagonal, and zeros
everywhere else. These matrices commute with Pj , and
thus pi,j = δi,j . Therefore, there is actually no need for
non-exclusive modalities, the initial N exclusive ones are
enough. This provides a straightforward way to recover
classical probability theory, and the mathematical struc-
ture of QM thus appears as a direct consequence of the
non-commutative character of GK [5].
V. CONCLUSION
As a summary, we sketched a possible way to recon-
struct quantum mechanics in the framework of the “con-
textual objectivity” point of view. Like in [2], we use
an axiom on the system’s dimension, that is related to a
well-defined number of “exclusive modalities” for a given
quantum system. Then we use geometry to connect the
different “exclusive modalities” corresponding to differ-
ent settings of the measurement apparatus. Our recon-
struction axioms can thus be written as :
• Axiom 1 : The quantum state of a physical system
is defined as the values of a complete set of physi-
cal quantities, that can be predicted with certainty
and measured repeatedly without perturbing in any
way the system. In the axioms below a quantum
state will be called a “modality”.
• Axiom 2 : For a given “knob settings” of the mea-
surement apparatus, there exist N distinguishable
states {bi}, that are called “exclusive modalities”.
The value of N , called the dimension, is a charac-
teristic property of a given quantum system [6].
• Axiom 3 : Various knob settings are related be-
tween themselves by (classical geometrical) trans-
formations g that have the structure of a continuous
group GK.
• Axiom 4 (theorem ?) : If the system is known
to be in the state bi from the set {bi}, the proba-
bility that it is found in state b′j from the set {b′j}
corresponding to another knob settings obtained by
the knob transformation g is :
pi,j = Trace(Pi Σ˜ Pj Σ˜
†) (3)
where the Pi are orthogonal projectors, and Σ˜ is
a unitary matrix corresponding to g, within the
N ×N matrix representation of the group GK.
Whether or not Axiom 4 can be seen as a theorem
(similar to Gleason’s theorem [7], but with slightly dif-
ferent hypothesis) remains an open question. It should be
clear that the standard structure of QM can be obtained
from the above axioms (in particular rewriting physical
quantities as operators and states as rays is straightfor-
ward). We note again that in our approach there is no
“measurement postulate”, since it is already included in
Axiom 1 (see detailed discussion in [1]).
An important feature of our approach is that the math-
ematical structure of QM is a direct consequence of the
non-commutative character of the group of knobs trans-
formations GK. In some sense, QM appears as the result
of accomodating the “contradictory” requirements that
the exclusive modalities have a discrete structure, and
that the knobs transformations have a continuous, but
non-commutative group structure.
The view about the “classical vs quantum” dilemma
that emerges from our approach is thus the following. A
physical quantity is defined as an ensemble of possible
measurements, that are connected between themselves
by “geometrical” transformations that are in the “knob
transformations” group GK. The “classical illusion” is to
identify this physical quantity with the numbers given
by the measurement, and to attribute “reality” to these
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numbers . EPR themselves realized that this definition of
“reality” was too restrictive, and proposed instead their
definition based upon predictability and reproducibility;
this is just the idea that we use as our definition of a
quantum state. But as soon as this is done, it appears
that this “reality” cannot be attributed simultaneously
to all physical quantities : this is simply incompatible
with the structure of GK. Thus what is “real” at the
macroscopic level is the definition of the physical quan-
tities (i.e. of the possible measurements related by the
group GK), and what is “real” at quantum level (i.e. at
the level of the measured system) is the quantum state.
These two “realities” are fully compatible - they are ac-
tually the only ones that can connect the experimental
definition of a physical quantity and the measurement
results in a consistent way [8].
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APPENDIX : HARDY’S APPROACH
A. The problem
The main idea of this approach is to define an arbitrary
state of the system (that may be pure or not pure) by
using a set of real numbers, each representing the prob-
ability that the system is in a given pure state, chosen
among a fixed set of non-exclusive modalities. We note
that it is not warranted that such a procedure should be
successful : there is an infinite number of non-exclusive
modalities, and no obvious reason that all of them can
be represented by using probabilities of being in a finite
number of modalities taken from all possible ones. Nev-
ertheless, following Hardy [2], we will assume that this
can be done, and we will denote as K the number of prob-
abilities needed to determine an arbitrary state, defined
over a set of K non-exclusive modalities. The number
K should be related to N, that is the number of exclu-
sive modalities (dimension of the system). Therefore the
questions can be rewritten as :
- it is possible to find out the number K of non-
exclusive modalities that are required to define an ar-
bitrary (pure on non pure) state of the system, by using
the probabilities of being in each of the modalities ?
- is it possible to recover the usual structure of QM
from these hypothesis ?
The answers to these questions are yes, as it was shown
by Hardy in [2], provided that some simple axioms are
introduced about the structure of a probability theory.
In particular, Hardy shows that for classical probability
theory one has K = N , and for quantum probability
theory one has K = N2 [this is how many real numbers
are required to define a non-normalized density matrix].
B. “Five reasonable axioms”
The probability axioms introduced by Hardy are the
following (here they are slightly reworded and reordered,
keeping the initial numbering) :
• Axiom on probabilities (H1) : Relative frequencies
(measured by taking the proportion of times a par-
ticular outcome is observed) converge to the same
value, which we call the probability, for any case
where a given measurement is performed on a en-
semble of n systems prepared by some given prepa-
ration in the limit as n becomes large.
• Axioms on N (H3 and H4a) : The dimension N is
a property of a given system, related to the num-
ber of exclusive modalities that can be defined for
that system. A system whose state is constrained
to have support on only M of a set of N possible
exclusive modalities behaves like a system of di-
mension M (H3). A composite system consisting of
subsystems A and B satisfies N = NANB (H4a).
• Axioms on K (H2 and H4b) : An arbitrary state of
the system can be defined by specifying probabili-
ties over a set of K non-exclusive modalities. K is
determined by a function of N (i.e. K = K(N)),
and for each given N, K takes the minimum value
consistent with the other axioms (H2). A compos-
ite system consisting of subsystems A and B satis-
fies K = KAKB (H4b).
• Axiom on pure states (modalities) : The above ax-
ioms are consistent with both classical and quan-
tum probability theories. To get quantum theory
one must add another axiom about “continuity” :
any pure state can be transformed continuously and
reversibly along a path through the pure states to
any other pure state (H5).
C. Discussion
The axioms H1, H3 and H4a about probabilities and
about N are easy to accept, since they deal with the
definition of a probability theory over an ensemble of
N exclusive modalities. In particular, the arguments
about subspaces and composite systems are natural once
it is admitted that the number of exclusive modalities
is a characteristic property of the system. Similarly, the
“quantum” axiom H5 is acceptable given the initial defi-
nition of a pure state as a modality, since an “infinesimal”
change to the measurement set-up is expected to change
continously the resulting pure states.
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On the other hand, the axioms on K (H2 and H4b) are
not obvious : they are trivial consequences of the previ-
ous ones if K = N (that is the classical probability situ-
ation), but far from trivial if K 6= N . Can our approach
be helpful ? Accepting the (non-obvious) step that K is a
function of N only, we interpret the equality K = KAKB
as meaning that the set of non-exclusive modalities (i.e.
the K’s) is treated just like the set of exclusive ones (i.e.
the N’s) by the probability theory. This is consistent
with considering the K states as “real”, though they are
not exclusive of each other, but still does not provide a
straightforward justification for these axioms.
The content of the axioms may be better understood
by looking at their implications. An immediate conse-
quence of H4a and H4b is that K(N2) = K(N)2. By
adding some arguments to show that K must be a poly-
nomial in N [2], this implies that K(N) = N r, where r is
an integer. In a previous version (v1) of [2] the value of r
was claimed to be calculated, but in the present version
(v3) it is simply shown that r=2, i.e. K(N) = N2, is
the smallest value compatible with H5, and corresponds
thus to quantum theory. If H5 is dropped, then K = N
is acceptable and classical probability theory is obtained.
After prooving that K = N2, Ref. [2] shows how to re-
construct a “Liouville space” (rather than Hilbert space)
formulation of QM, including the trace formula and the
general structure of the time evolution.
In our opinion, an important problem in the approach
of [2] is that the axioms on K (H2 and H4b) are difficult to
justify. In particular, it seems unlikely that (quoting [2])
“a 19th century theorist may have developed quantum
theory without access to the empirical data that later be-
came available to his 20th century descendants”. With-
out a good knowledge about QM, there is little chance to
reach the crucial idea of “non-exclusive modalities” (non-
orthogonal pure states as irreducible features of the real-
ity), that looks crucial for the whole reasoning. Though
our contextual objectivity approach may help to clarify
physically the “K vs N” issue, it does not provide a firm
basis to justify all the axioms of Ref. [2]. As we have
shown above, the “missing axioms” can advantageously
be replaced by geometrical considerations.
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